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Uniformly Most Powerful (UMP) tests

The following hypothesis testing problem
▶ CompositeH0 vs CompositeH1.

can be decomposed to
▶ SimpleH0 vs SimpleH1 for every θ0 ∈ Θ0 and θ1 ∈ Θ1.

Definition : Uniformy Most Powerful test

A uniformly most powerful test of size α is a test ϕ0 for which:
▶ Eθϕ0(X) ≤ α for all θ ∈ Θ0.
▶ Given any other test ϕ for which Eθϕ(X) ≤ α for all θ ∈ Θ0, we have

Eθϕ0(X) ≥ EθΦ(X) for all θ ∈ Θ1.

In many cases UMP tests do not exist.
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Monotone Likelihood Ratio (MLR)

Definition
The family of densities f(x; θ), θ ∈ Θ ⊆ R is called to be of monotone likelihood ratio if
exists a function t(x) such that the likelihood ratio is a non-decreasing function of t(x)
whenever θ1 ≤ θ2.

ExampleX1, . . . , Xn i.i.d sample with f(x1; θ) = c(θ)h(x)eθτ(x)

3 / 5



Uniformly Most Powerful (UMP) tests

Theorem
SupposeX has a distribution from a family which is MLR with respect to a fuction t(x). In
addition, let’s suppose that the T = t(X) is a continuous random variable. For the test
problem:

H0 : θ ≤ θ0 vs H1 : θ > θ0

▶ The test function

ϕ0(x) =

{
1, if t(x) > t0

0, if t(x) ≤ t0

is UMP among all tests of size α ≤ Eθ0{ϕ0(X)}.
▶ Given the size α, there exists some t0 such that the test ϕ0 has size exactly α.
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proof
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proof
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